This study has two main objectives. First, we use the Airy stress function to derive an exact general interior solution for an anisotropic two-dimensional (2D) plane beam. Second, we cast the solution into the conventional form of 1D beam theories to clarify some basic concepts related to anisotropic interior beams. The derived general solution provides the exact third-order interior kinematic description for the plane beam and includes the Levinson/Reddy-kinematics as a special case. By applying the Clapeyron's theorem, we show that the stresses acting as surface tractions on the lateral end surfaces of the interior beam need to be taken into account in all energy-based considerations related to the interior beam in order to avoid artificial end effects. Exact 1D interior beam equations are formed from the general 2D solution. Finally, we develop an exact interior beam finite element based on the general solution. With full anisotropic coupling, the stiffness matrix of the element becomes initially asymmetric due to the interior nature of the plane beam. By redefining the generalized nodal axial forces of the element, the stiffness matrix takes a symmetric form.
Introduction
Efficient use of anisotropic composite materials in mechanical design requires thorough understanding of anisotropic elasticity and accurate tools of analysis. Motivated by this, we study here a two-dimensional (2D) plane beam with anisotropic coupling effects within the framework of 2D linear elasticity.
There are two well-known complex variable formulations for 2D linearly elastic anisotropic plane problems, the Lekhnitskii and Stroh formalisms [1] [2] [3] . When it comes to 2D interior plane beam problems, where the end effects are neglected by virtue of the Saint Venant's principle, a number of more straightforward polynomial-based stress function approaches can be found in the literature, e.g. [4] [5] [6] . It is common for these classical polynomial approaches that a solution is generated only for one problem at a time. In this study, we first provide a more versatile method for 2D beams which is based on a general interior solution derived using the Airy stress function. Our approach is different from the generalization of Silverman's method [4] by Ding et al. [7] in the way that, rather than constructing stress functions for each problem separately, the focus is on solving the cross-sectional force and moment resultants along a beam for each case in the same way as in conventional beam theories, while the core of the used stress function is always the same.
There is a number of ingenious theories meant specifically for anisotropic beams, e.g. [8] [9] [10] [11] [12] [13] . For a historical survey on the topic, see the book by Hodges [14] . The mentioned anisotropic beam theories are typically applicable to a wider variety of practical problems than the linearly elastic beam with a rectangular cross-section studied in this paper. However, it is commonplace in the referenced treatments to employ engineering assumptions and/or to rely on a quite heavy theoretical machinery. Therefore, it is often difficult to see the underlying structure of the developments in a fully explicit (and assumption-free) form in order to state something fundamental on anisotropic beams in general. Thus, for the remainder of this 1 study, we view the derived 2D solution for the anisotropic plane beam as a conventional one-dimensional (1D) beam theory in order to clarify certain concepts related to anisotropic interior beams.
As the starting point for the 1D considerations, the general solution provides the exact third-order interior kinematic description for the plane beam. By "third-order kinematics" we mean that the displacement components defined at the central axis of the beam are expanded by third-order polynomials throughout the height of the beam. Many approximate beam and plate theories, which are used also in association with anisotropic composite materials, are based on similar, but assumed, displacement fields. For reviews on assumed third-order kinematics, see the works by Jemielita [15] and Reddy [16, 17] . The exact interior kinematic description derived from the general solution in this paper includes, as a special case, the displacement field which is used to derive the widely known Levinson and Reddy-Bickford beam theories [18] [19] [20] .
The long-standing belief in the literature is that the Levinson beam theory is "variationally inconsistent", that is to say, it cannot be derived using the principle of virtual displacements. In contrast to this, we showed in a very recent study that the Levinson theory is actually variationally consistent [21] . The variational formulation was carried out by taking into account the fact that the stresses of the beam act as surface tractions on the lateral end surfaces of the Levinson beam. On the other hand, it was shown that the boundary layer behavior of the Reddy-Bickford beam is artificial. In the present study, the methodology utilized for the isotropic Levinson theory in [21] is further elucidated within the 2D interior framework of anisotropic elasticity.
The rest of the paper is organized in the following way. In Section 2, we formulate the anisotropic plane beam problem to which the solution is then given in terms of a stress function. The strains are calculated from the stresses under plane stress conditions and the exact 2D interior displacement field is obtained by integrating the strains. Calculation examples are presented. In Section 3, three kinematic variables defined at the central axis of the plane beam are formed from the 2D interior displacement field. Using these variables, the third-order kinematic description for the beam is given. Clapeyron's theorem is employed to facilitate energy-based considerations. Variational and vectorial approaches for interior theories are discussed and finally 1D beam equations for the 2D plane beam are obtained by a direct method. In Section 4, an exact interior beam finite element is developed both by a force-based method and from the total potential energy of the anisotropic plane beam. Conclusions are presented in Section 5.
General interior approach for a plane beam

Problem formulation
A 2D linearly elastic homogeneous anisotropic plane beam under a uniform pressure p is shown in Fig. 1 . We have chosen the uniform load as a representative load for our developments. The beam has a rectangular cross-section of constant thickness t and the length and height of the beam are L and h, respectively. The load resultants N , M and Q stand for the axial force, bending moment and shear force, respectively, and act at an arbitrary cross-section of the beam. These cross-sectional load resultants are calculated from
which can be used to impose force and moment boundary conditions at x = ±L/2. The boundary conditions on the upper and lower surfaces of the plane beam are
The boundary conditions are satisfied in a strong (pointwise) sense on the upper and lower surfaces, but at the beam ends the tractions are specified only through the load resultants and, thus, the boundary conditions are imposed only in a weak sense [22] . The replacement of the true boundary conditions at the beam ends by the statically equivalent weak boundary conditions (load resultants) means that the exponentially decaying end effects of the anisotropic plane beam are neglected by virtue of the Saint Venant's principle and only the interior solution of the beam is under consideration. The interior solution represents actually a beam section with fully-developed interior stresses which has been cut off from a complete beam far enough from the real lateral boundaries at which the true boundary conditions could be set. Using the Airy stress function Ψ(x, y), the stresses of the plane beam are obtained from the equations
which satisfy the two-dimensional equilibrium equations. To ensure compatibility, it is required that the stress function satisfies the governing equation [23] 
where s ij are the elastic compliances, see Eqs. (15)- (17) . The solution to the interior plane beam problem is obtained by finding a solution of Eq. (4) that satisfies the stress boundary conditions (2) of the beam.
Interior stresses
By starting from the general polynomial of the fifth degree and adapting a solution procedure outlined by Barber [22, Chap. 5 ] to solve the polynomial coefficients, the stress function satisfying the stress boundary conditions (2) can be found as
where c 1 , c 2 and c 3 are constant coefficients and the part that depends on the nature of the applied load is 
where q = pt is the uniform line load and I = th 3 /12 is the second moment of the cross-sectional area. The stresses are calculated from Eqs. (3), after which the load resultants are obtained from Eqs. (1) and can be written as 
where A = ht is the area of the cross-section. The load resultants satisfy the global equilibrium equations
Note that due to the anisotropic coupling term s 16 in Eq. (7), the stretching of the beam is not uncoupled from the shearing. Furthermore, using Eqs. (7) and (9), we can write
By solving Eqs. (7)- (9) for c 1 , c 2 and c 3 , the stresses (3) calculated using the stress function (5) are obtained in the form 
Indeed, when compared to an isotropic case, a marked effect due to the anisotropy is that the shear force Q(x) appears in the axial stress (12) . The above interior stress distributions are valid for any plane beam with a rectangular cross-section. To obtain stress distributions for other loads, one needs to update only the load-dependent part (6) of the stress function (5).
Interior strains and displacements
Under plane stress, that is, for a beam with a narrow rectangular cross-section, the stress-strain relations read
where x , y and γ xy are the axial normal strain, transverse normal strain and transverse shear strain, respectively. To obtain the interior strains, we substitute Eqs. (12)- (14) into Eqs. (15)- (17) . The straindisplacement relations are
where U x (x, y) and U y (x, y) are the displacements in the directions of x and y, respectively. The displacements are integrated from Eqs. (18) and (19) , and the resulting arbitrary integration functions are solved by substituting the calculated displacements into (20) . This standard procedure is described, for example, in [23] . As the result, we get for the general 2D interior displacements the expressions
where U q x and U q y depend on the particular load at hand and are given in Appendix A. The integration constants C, D 1 and D 2 constitute the degrees of freedom of the anisotropic plane beam as a rigid body. The constant C relates to a small clockwise rotation about the origin and D 1 and D 2 correspond to translations in the directions of x and y, respectively. Note that as soon as the cross-sectional load resultants are available, the coefficients c 1 , c 2 and c 3 can be calculated from Eqs. (7)- (9).
Calculation examples
In this Section, we study four calculation examples, which are presented in Fig. 2 . We note that the interior stresses are of main interest here. In the calculation of the displacements, we follow the customary practice, that is, the displacement conditions to solve the constants C, D 1 and D 2 from Eqs. (21) and (22) are chosen so as to imitate the actual conditions at the ends of the beams. To impose true boundary conditions, we would need to model the boundary layer behavior using Papkovich-Fadle eigenfunctions [22] . End-loaded cantilever beam. First we consider a cantilever beam subjected to an end-load P at x = −L/2 as shown in Fig. 2 (a). The structure is statically determinate and the load resultants using the positive directions of Fig. 1 are
from which it follows by Eqs. (7)- (9) that
By substituting c 1 , c 2 and c 3 into the displacements (21) and (22) and choosing the conditions U x (L/2, 0) = U y (L/2, 0) = ∂U x /∂y(L/2, 0) = 0, the rigid body constants become
The strains are obtained from Eqs. (18)- (20) and the stresses by inverting Eqs. (15)- (17), or directly from Eqs. (12)- (14). The axial normal and transverse shear stresses are
8I . 
The shear stress reflects the "rule of thumb" used in isotropic cases, that is, the interior solution is a good approximation when the axial distance to an end of the beam is at least equal to the height of the beam. However, the axial normal stress given by the 2D FE model starts to deviate from the interior solution well before this limit. It is known that the boundary layer can be thicker in anisotropic than in isotropic cases [24] . Simply-supported beam. As another example, let us consider a simply-supported beam under a constant uniform load q according to the configuration presented in Fig. 2(b) . The axial force, bending moment and shear force along the beam are given by
We obtain from Eqs. (7)-(9) By substituting c 1 , c 2 and c 3 into the displacements (21) and (22), and choosing the conditions U x (L/2, 0) = U y (±L/2, 0) = 0, we find the rigid body constants to be
The axial normal and transverse shear stresses are Cantilever beam under uniform load. As a further example, we study a cantilever beam under a uniform load, see Fig. 2(c) . It is easy to see that this case can also be solved by the superposition of the two cases presented above by choosing P = −qL/2 for the end-loaded cantilever. By superposing the stresses and calculating the load resultants (1), we obtain for the uniformly-loaded cantilever
An instructive discussion on the use of superposition in 2D plane beam problems can be found in [25] .
Propped cantilever under uniform load. As the final example, we examine the propped cantilever under a uniform load shown in Fig. 2(d) . The load resultants can be written as
where F is the unknown vertical reaction force at the propped end. The coefficients c 1 , c 2 and c 3 are obtained from Eqs. (7)- (9) after which C, D 1 , D 2 and F are calculated using the conditions , after which the calculation of the stresses is straightforward. In conclusion, the general interior solution enables the solution of many 2D plane beam problems in a unified and effortless manner.
2D solution in 1D form
Third-order kinematics of the beam
The general 2D interior solution studied in Section 2 can be presented in terms of three kinematic variables derived from the displacements (21) and (22) at the central axis of the beam so that the variables depend only on x. We obtain for the axial displacement and the transverse deflection of the central axis, and for the clockwise positive rotation of the cross-section at the central axis the expressions 
respectively. Using these kinematic central axis variables, we can present the displacements (21) and (22) of the plane stress state in the form 
where the functions U A x and U A y depend on the applied load and are given in Appendix A. The displacements (26) and (27) represent the exact third-order interior kinematics of a linearly elastic homogeneous anisotropic beam under a uniform load that has a narrow rectangular cross-section. In the isotropic case, the elastic compliances become
where E and G are the Young's modulus and shear modulus, respectively, and ν is the Poisson ratio. Assuming isotropy, the displacements (26) and (27) simplify to
8 where
We see that the Poisson effect (lateral contraction/expansion) is fully included in the displacements (29) and (30). To derive the 2D displacement field in terms of the central axis variables for isotropic material behavior, one may also consider the Marguerre function for the case of plane stress and the Love strain function for plane strain instead of the Airy stress function, see, e.g. [26] . If we neglect the load term and the Poisson effect in Eqs. (29) and (30), the 2D displacement field is exactly of the same form as in the Levinson and Reddy-Bickford beam theories [18] [19] [20] . These theories are formulated by assuming that the central axis variables u x (x), u y (x) and φ(x) do not initially take the polynomial forms (23)- (25), but are arbitrary, sufficiently smooth functions. Next, to discuss interior theories in general and the well-known discrepancies between the Levinson and Reddy-Bickford theories, we turn to the energetic aspects of the plane beam.
Applying Clapeyron's theorem
The strain energy of the 2D anisotropic plane beam and the external work due to the uniform load are given by
respectively. While the contributions (32) to the total potential energy of the beam are apparent, the following consideration may not be that obvious at first. We recall from the problem definition in Section 2.1 that the interior solution part represents merely a beam section with fully-developed interior stresses which has been cut off from a complete beam so that the boundary layer is not modeled. Thus, we obtain for the work due to the stresses on the lateral end surfaces of the interior beam
By substituting the polynomial expressions according to the general solution presented in Section 2 for σ x ,
x , σ y , y , τ xy , γ xy , U x and U y into (32) and (33), and by handling the laborious calculations by the aid of Mathematica (see the online supplementary file), we find that
The above calculation shows that in static equilibrium the strain energy of the beam is equal to one-half of the work done by the surface tractions if they were to move (slowly) through their respective displacements. This is exactly according to the Clapeyron's theorem (see, e.g. [23] ). The recent variational formulation for the Levinson interior beam theory was carried out by accounting for the external virtual work due to the stresses on the end surfaces of the interior beam [21] . The resulting beam equations were exactly the same as those in the case of the vectorial derivation by Levinson [18] . The variational formulation for the Levinson beam theory given in [21] did not actually include the axial displacement u x (x). With this in mind, let us complement that formulation by the following consideration, which illustrates how consistent equilibrium equations for interior theories can be obtained when employing the principle of virtual displacements.
Example -Variational treatment of a rod with Poisson effect. We study an isotropic interior rod in pure tension so that M (x) ≡ Q(x) ≡ u y (x) ≡ φ(x) ≡ 0 and q = 0. The displacements (29) and (30) are
where the central axis variable according to Eqs. (23) and (28) is
In the following, we want to carry out a variational formulation which leads to the governing differential equation for the axial rod. Our aim is to consider under what conditions the variational procedure leads to the same result as the polynomial Airy stress function method. We assume next that u x (x) is a sufficiently smooth function, but otherwise arbitrary. We take as the starting point of the variational formulation the displacement field (35) of the rod
where comma denotes diffenrentiation with respect to x. The axial normal and transverse shear stresses are
The internal virtual work is
where the axial force and the higher-order load resultant are given by
respectively. The external virtual work due to the interior stresses on the lateral end surfaces calculated using (33), (37) and (38) results in
By applying the principle of virtual displacements, δU = δW s , the equilibrium equation and interior boundary conditions are found as
Note that the second term on the left-hand side of the equilibrium equation is due to the Poisson effect and that it violates the axial equilibrium condition if it is nonzero. In addition, according to the interior beam definition, the virtual displacement δu x is free in the interior region, including the interior end surfaces. This means that the interior boundary conditions simplify to
Next we use (40) and (42) and write
It follows that f = β 2 f → f = α 1 e βx + α 2 e −βx , where β 2 = 24(1 + ν)/(νh) 2 . With the interior boundary conditions (43), that is, f (±L/2) = 0, we obtain α 1 = α 2 = 0 → f ≡ 0. Therefore, the equilibrium equation in (42) simplifies to
which may be compared to the first of (10) . The solution to (45) is given by u x in (36), that is, by the Airy elasticity solution. Note that if the function f above would not vanish, the differential equation for u x would be of fourth order and its solution would also contain exponential terms. We see that the higher-order load resultant S has no physical meaning in the interior context. We conclude that with the inclusion of the lateral contraction and expansion (the Poisson effect) in the rod model, it becomes apparent that the virtual work due to the interior stresses on the lateral end surfaces of the interior rod is a crucial part of the variational formulation in order to avoid spurious exponential end effects and violation of the axial equilibrium of the rod. Similar conclusions were arrived at in the case of the Levinson beam theory, for details and further discussion, see [21] .
1D beam equations
Instead of a variational formulation similar to the previous example, we may derive the 1D beam equations directly by using the global equilibrium equations (10) . In terms of the polynomial central axis variables (23)- (25), the strains (18)- (20) calculated using the displacements (21) and (22) 
where the load-dependent parts (46)- (48) and by inverting the plane stress constitutive relations (15)- (17), we can calculate the load resultants (1) in terms of the central axis variables and substitute them into the equilibrium equations (10) to obtain 1D beam equations. For full anisotropic coupling this procedure leads to unwieldy expressions. For the sake of brevity, we consider here only the isotropic case, which can be easily compared to existing 1D beam theories. We apply Eqs. (28) to the strains (46)-(48) and to the constitutive relations (15)- (17) , after which the calculation of the load resultants (1) gives
Substitution of the load resultants into the equilibrium equations (10) leads to
By uncoupling Eqs. (53) and (54), we obtain alternatively
In summary, the general solution to Eqs. (52)- (54) is given by Eqs. (23)- (25) and (28), and the solution is expanded into the whole interior region of the 2D plane beam through Eqs. (29)-(31). These equations constitute an alternative representation of the elasticity solution presented in Section 2 in the isotropic case.
We can see, for example, that the obtained beam equations (55) and (56) 
Exact anisotropic beam finite element
Elasticity solution in terms of FE-degrees of freedom
The general interior displacements (21) and (22) can be used as the basis for the derivation of an exact 1D beam finite element. Similarly to the 1D beam equations given in the previous section, the finite element equations constitute an alternative presentation of the exact 2D interior elasticity solution presented in Section 2. Fig. 5 presents the setting according to which the element is developed. Both nodes in Fig. 5 have three degrees of freedom. For nodes i = 1, 2, we have axial displacements u x,i , transverse displacements u y,i and rotations φ i . By the aid of the central axis variables (23)- (25), we obtain for nodes 1 and 2 six equations 
16A , 
By substituting Eqs. (58) and (59) into Eqs. (21) and (22) we can write the 2D displacements in the form
where
is the displacement vector. The shape functions N x and N y are given in Appendix B, as well as the loaddependent functions U F x and U F y . Therefore, once the nodal displacements are known, the 2D displacement field can be calculated by substituting them into Eqs. (61) and (62), after which the calculation of the 2D interior strains and stresses is straightforward.
Finite element equations
To obtain the finite element equations, we substitute Eqs. (58) into Eqs. (7)- (9) to calculate the load resultants at nodes i = 1, 2, with the notion that the positive directions are taken to be according to Fig. 1 so that
The conventional presentation for the 1D beam element is obtained by writing Eqs. (64) in matrix form. Before doing so, we also derive the FE equations from the total potential energy
The stresses on the end surfaces in Eq. (33) are written as given by Eqs. (12)- (14), where the load resultants are expressed as nodal forces according to Eqs. (64). Then, by calculating (32) and (33) and by applying the principle of minimum total potential energy
we obtain the finite element equilibrium equations. The force-based method and the total potential energy approach result in the same equations, which can be written in the form
In explicit form, with α = 12I/∆, we have 
The remarkable feature of Eqs. (67) is the asymmetry of the stiffness matrix (68). The reciprocal theorem [e.g. 22] requires the stiffness matrix to be symmetric. In light of this, the asymmetry of the stiffness matrix can be easily remedied by redefining the generalized axial forces in Eq. (64) as
In other words, if we multiply the first and fourth row of the linear system of equations (67) by a factor of two, the stiffness matrix (68) becomes symmetric. It is also noteworthy that with full anisotropic coupling, every nodal load is associated with every nodal degree of freedom in the end surface work W s . For example, N 1 is not conjugate only to u x,1 in the conventional manner, but also to all the other degrees of freedom. If we were to neglect the interior nature of the plane beam and derive, in the absence of the distributed load, the stiffness matrix in the conventional way on the basis of the strain energy U , we would obtain a symmetric, but incorrect, stiffness matrix. In the isotropic case, the asymmetry of the stiffness matrix (68) vanishes along with the coupling term s 16 and the equations simplify to
where Φ = 3h
Eqs. (71) and (72) can be written concisely as
where K r and K b are the rod and beam element stiffness matrices, respectively, and u r and u b are the rod and beam nodal displacement vectors, respectively. The force vectors are f r and q r for the rod element, and f b and q b for the beam element, respectively. Note that the stiffness matrix K b is equal to the stiffness matrix of the Levinson beam element and the Timoshenko beam element when the Timoshenko shear coefficient has the value of 2/3 [21, 27] . The presented finite element formalism for the plane beam extends the applicability of the 2D elasticity solution.
Conclusions
In this paper, a general interior elasticity solution for a 2D linearly elastic anisotropic plane beam under a uniform load was derived. The exact third-order interior kinematic description for the beam was obtained from the solution. It was shown that in an energy-based formulation, which is founded exclusively on the interior kinematics of the beam, one has to take into account the fact that the interior stresses do work on the lateral end surfaces of the interior beam. A number of higher-order beam theories can be found in the literature that are based exclusively on interior kinematics. However, these higher-order constructions are incomplete as interior beam theories because they lack the aforementioned work due to the stresses at the beam ends.
From a different point of view, the higher-order beam theories attempt to model both the interior part and the boundary layer of a beam simultaneously with the same (interior) kinematic description. In search of an accurate beam theory that would better serve this end, the kinematic description should also include information on the true boundary layer behavior. Adapting the methodology presented in this paper, a kinematic description for the boundary layer may be constructed using Papkovich-Fadle eigenfunctions in association with the Airy stress function [22] .
Appendix A. Load-dependent expressions
The load-dependent terms in Eqs. (21) and (22) Appendix B. Shape functions and load functions
The shape functions in Eqs. (61) and (62) are 
